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We have investigated vortex structures in three-dimensional superconductors under a helical mag-
netic field from a chiral helimagnet numerically. In order to obtain vortex structures, we solve
three-dimensional Ginzburg-Landau equations with the finite element method. The distribution of
the helical magnetic field is assumed to be proportional to the distribution of the magnetic moments
in the chiral helimagnet. Then, the magnetic field is the same direction in the yz-plane and helical
rotation along the helical axis. Under this helical magnetic field, vortices appear to be perpendicular
to the surface of the superconductor. But we have found that there are tilted vortices toward the
helical axis, although there is no component of the magnetic field along the helical axis. This vortex
structure depends on the chirality of the distribution of the helical magnetic field.
I. INTRODUCTION
A chiral helimagnet is one of the attractive mag-
netic materials. In this material, magnetic moments
form either left- or right-handed helical rotation. The
schematic magnetic structure of the chiral helimagnet
is shown in Fig. 1(a). This helical configuration of
magnetic moments comes from the competition between
two interactions: the ferromagnetic exchange interac-
tion between nearest neighbor magnetic moments and
the Dzyaloshinsky-Moriya (DM) interaction. The fer-
romagnetic exchange interaction causes nearest neigh-
bor magnetic moments to be parallel, while the DM
interaction causes nearest neighbor magnetic moments
to be perpendicular to each other1,2. The DM inter-
action determines the direction of the rotation, left-
handed or right handed. The magnetic structure in
the chiral helimagnet has been observed in CrNb3S6
3–5,
CsCuCl3
6,7, and Yb(Ni1−xCux)3Al9
8,9 experimentally.
Then, properties of chiral helimagnets have been investi-
gated experimentally3–9 and theoretically10,11.
For example, under an external magnetic field per-
pendicular to the helical axis, the helical configuration
of magnetic moments changes into an incommensurate
magnetic structure12. This magnetic structure is called
a chiral soliton lattice, which is shown in Fig. 1(b).
The chiral soliton lattice consists of ferromagnetic do-
mains periodically partitioned by 360◦ domain walls.
The chiral soliton lattice has been also observed exper-
imentally with the Lorentz microscopy and the small-
angle electron diffraction13. Other interesting phenom-
ena are the giant magnetoresistance14, the magneto-
chiral dichroism15, the creation of the spin current16, and
the Berezinskii-Kosterlitz-Thouless (BKT) transition17.
From other point of view, we may expect this peculiar
magnetic structure affects other materials. Therefore, in
this paper, we focus on effects on superconductors, in
particular, vortex structures in type-II superconductors.
FIG. 1. (a) Magnetic structure in the chiral helimagnet, and
(b) the chiral soliton lattice under the applied magnetic field.
These vortex structures in the type-II superconductor
are important for a critical magnetic field and a criti-
cal current. In general, under an uniform magnetic field,
vortices appear and form a triangular lattice, which is
called the Abrikosov lattice18,19. When the external cur-
rent flows in the superconductor and vortices move, the
electric resistance occurs, which leads to break supercon-
ductivity. So, controlling vortex states is a key factor for
applications of superconductors.
One of plausible vortex controlling method is using a
ferromagnet. In a ferromagnet / superconductor bilayer
system, vortices appear spontaneously20–22. This phe-
nomenon comes from interaction between magnetic do-
mains in the ferromagnet and magnetic fluxes of vortices.
This spontaneous vortex state enhances superconductiv-
ity, in particular, its critical current by a pinning of vor-
tices in the superconductor due to magnetic domains in
the ferromagnet. From this interference between the fer-
romagnet and the superconductor, we expect novel ef-
fects of peculiar magnetic materials; the chiral helimag-
net. Therefore, we investigate effects of the chiral heli-
2magnet on the superconductor theoretically.
In our previous study, we have investigated vortex
structures in two-dimensional superconductors under the
magnetic field from the chiral helimagnet23,24. Although,
magnetic field is created by the helically structured mag-
netic moments in the chiral helimagnet only the perpen-
dicular component of the magnetic field to the supercon-
ducting surface is effective, and other components are
neglected in the two-dimensional superconductor, . In
this paper, we consider three-dimensional superconduc-
tors, and taking all components of the magnetic field,
investigate vortex structures under the helical magnetic
field from the chiral helimagnet completely. In section
II, we introduce numerical methods in order to obtain
vortex structures in three-dimensional superconductors.
In section III, we show vortex structures under the heli-
cal magnetic field from the chiral helimagnet, and discuss
origin of these vortex structures. Finally, in section IV,
we summarize our results.
II. METHOD
We consider a three-dimensional superconductor under
the helical magnetic field. The distribution of the helical
magnetic field is assumed to be proportional to the distri-
bution of the magnetic moments in the chiral helimagnet.
We obtain distributions of the order parameter in super-
conductors by solving the Ginzburg-Landau equations.
We start from the Ginzburg-Landau free energy,
F(ψ,A) =
∫
V
(
fn + α(T )|ψ|2 + β
2
|ψ|4
)
dV
+
∫
V
{
1
2ms
∣∣∣∣
(
−i~∇− esA
c
)
ψ
∣∣∣∣
2
+
|h|2
8π
− h ·Hext
4π
}
dV,
(1)
where ψ is a superconducting order parameter and fn
is a free energy density of the normal state. α(T ) is a
coefficient which depends on the temperature T , α(T ) =
α′(T − Tc). α′ and β is a positive constant and Tc is
the critical temperature of the superconductor. ms is the
effective mass of the superconductor and es is an effective
charge of electrons in the superconductor. h = ∇×A is a
local magnetic field and A is a magnetic vector potential.
Hext is an external magnetic field, which is included the
magnetic field from the chiral helimagnet. The order
parameter and the vector potential is normalized as,
ψ˜ =
ψ√
α/β
, A˜ =
2π
Φ0
A. (2)
Φ0 = ch/2e is the quantum flux and e is an elemen-
tary charge. Using the normalized order parameter and
the vector potential, we obtain following equations from
Eq. (1),∫
V
[(
i∇ψ˜ − A˜ψ˜
)(
−i∇(δψ˜)− A˜(δψ˜)
)
+
(
i∇(δψ˜)− A˜(δψ˜)
)(
−i∇ψ˜∗ − A˜ψ˜∗
)
+
1
ξ2
(
|ψ˜|2 − 1
)(
ψ˜(δψ˜∗) + ψ˜∗(δψ˜)
)]
dΩ = 0, (3)
∫
V
[
κ2ξ2
(
div A˜ · div (δA˜) + rot A˜ · rot (δA˜)
)
|ψ|2A˜ · (δA˜)− i
2
{
ψ˜∗(∇ψ˜)− ψ˜(∇ψ˜∗)
}
A˜
]
dΩ
= κ2ξ2
∫
V
2π
Φ0
Hext · rot (δA˜)dΩ, (4)
where δψ˜ and δA˜ are variations, or test functions of the
order parameter and the vector potential, respectively.
κ = λ/ξ is the Ginzburg-Landau parameter, and λ and
ξ are the penetration length and the coherence length,
respectively.
In order to solve Eqs. (3) and (4), we use the three-
dimensional finite element method (FEM). In the three-
dimensional FEM, we divide the system into tetrahedron
elements (see Fig. 2). In a tetrahedron, there are four
FIG. 2. (a) Schematic three-dimensional system, (b) a tetra-
hedron finite element. Coordinates of four nodes i = 1, 2, 3, 4
of the e-th tetrahedron denote 1(x1, y1, z1), 2(x2, y2, z2),
3(x3, y3, z3), and 4(x4, y4, z4).
volume coordinates, which is given as,
Nei = (ai + bix+ ci + diz) /6V (i = 1, 2, 3, 4), (5)
where V is a volume of the tetrahedron. ai, bi, ci, and di
are given in the Appendix. The order parameter ψ˜ and
the vector potential A˜ are expanded using these volume
coordinates,
ψ˜(x) =
Ne∑
i,e
ψ˜eiN
e
i , (6)
A˜(x) =
Ne∑
i,e
A˜
e
iN
e
i , (7)
where ψ˜ei and A˜
e
i are the order parameter and the vector
potential at i−th node in the e−th element, respectively.
3Ne is the number of finite elements. We consider follow-
ing test functions δψ˜ and δA˜,
δψ˜8(e−1)+2j−1 =
{
Nej (x ∈ e-th element)
0 (otherwise),
(8)
δψ˜8(e−1)+2j =
{
iNej (x ∈ e-th element)
0 (otherwise),
(9)
δA˜12(e−1)+3(j−1)+i =
{
eiN
e
j (x ∈ e-th element)
0 (otherwise),
(10)
where i = 1, 2, 3 and j = 1, 2, 3, 4. e1, e2, and e3 are
basis vectors in the three-dimensional space. We substi-
tute Eqs. (6)-(10) into Eqs. (3) and (4), we obtain these
equations,∑
j
[
Pij({A˜}) + P 2Rij ({ψ˜})
]
Reψ˜ej
+
∑
j
[
Qij({A˜}) +Q2ij({ψ˜})
]
Imψ˜ej = V
R
i ({ψ˜}),(11)
∑
j
[
−Qij({A˜}) +Q2ij({ψ˜})
]
Reψ˜ej
+
∑
j
[
Pij({A˜}) + P 2Iij ({ψ˜})
]
Imψ˜ej = V
I
i ({ψ˜}),(12)
∑
j
Rij({ψ˜})A˜jx +
∑
j
Sxyij A˜jy +
∑
j
Sxzij A˜jz
= T xi − Uxi , (13)∑
j
Rij({ψ˜})A˜jy +
∑
j
Syxij A˜jx +
∑
j
Syzij A˜jz
= T yi − Uyi , (14)∑
j
Rij({ψ˜})A˜jz +
∑
j
Szxij A˜jx +
∑
j
Szyij A˜jy
= T zj − Uzi . (15)
Coefficients are given in Appendix and the reference25.
Solving Eqs. (11)-(15) self consistently, we obtain real
and imaginary parts of the order parameter Re ψ˜, Im ψ˜
and three-components of the vector potential Ax, Ay,
and Az .
The magnetic field Hext includes the helical magnetic
field from the chiral helimagnet,
Hext = HCHM +Happl, (16)
where HCHM is the magnetic field from the chiral heli-
magnet and Happl is the homogeneous applied magnetic
field. We consider that a distribution of HCHM is pro-
portional to the configuration of magnetic moments in
the chiral helimagnet. The configuration of magnetic
moments is obtained by the Hamiltonian of the chiral
helimagnet12,23–25,
H = −2J
∑
n
Sn · Sn+1 +D ·
∑
n
Sn × Sn+1
−2µBHappl ·
∑
n
Sn, (17)
where Sn is the spin at the n-th site, µB is the Bohr
magneton. This Hamiltonian consists of three terms.
The first term is the ferromagnetic exchange interaction
with magnitude J (> 0). The second term is the DM
interaction with the DM vector D. The last term is
the Zeeman energy. We assume that the helical axis
is the x-axis. In the monoaxial chiral helimagnet, the
DM vector is parallel to the helical axis, D = (D, 0, 0),
and we assume that the direction of spin is perpendic-
ular to the helical axis, so ϕ = π/2. We express n-th
spin as Sn = S(sin θn cosϕ, sin θn sinϕ, cos θn). We set
Happl = (0, 0, Happl). In the typical chiral helimagnet
CrNb3S6, the helical period L = 48nm is much longer
than the lattice constant. So, we consider the continuum
limit. We minimize Eq. (17) in the continuum limit with
respect to θ(x). We obtain the Sine-Gordon equation,
d2θ(x)
dx2
−H∗ sin θ(x) = 0, (18)
where H∗ = 2µBHappl/(a
2S2
√
J2 + |D|2) is a normal-
ized applied magnetic field and a is the lattice constant.
The solution of Eq.(18) is,
sin
(
θ − φ
2
)
= sn
(√
H∗
k
x | k
)
, (19)
or,
θ(x) = 2 sin−1
[
sn
(√
H∗
k
x | k
)]
+ φ. (20)
sn(x|k) is the Jacobi’s elliptic function, k is the modulus
and φ is an initial angle at x = 0. k is determined by the
relation,
π tan−1(|D|/J)
4
√
H∗
=
E(k)
k
, (21)
where E(k) is the complete elliptic integral of the second
kind. Using Eq. (20), the external magnetic field in Eq.
(16) is,
(Hext)x(x) = 0, (22)
(Hext)y(x) = H0 sin θ(x), (23)
(Hext)z(x) = H0 cos θ(x) +Happl. (24)
H0 is a magnitude of the magnetic field from the chiral
helimagnet. We solve the Ginzburg-Landau equations
(11)-(15) using the magnetic field in Eqs. (22)-(24) nu-
merically.
III. RESULT
Solving the Ginzburg-Landau equations (11)-(15) self-
consistently, we obtain distributions of the order param-
eter in the superconductor under the chiral helimagnet.
We set the Ginzburg-Landau parameter κ = λ/ξ = 5
4FIG. 3. (a) Three-dimensional superconductor with finite
tetrahedron elements, (b) xy-plane of the system, (c) yz-plane
of the system, (d) zx-plane of the system. The system size in
these figures is 1.0L′ξ0 × 15ξ0 × 13ξ0. The superconducting
region (Green) is surrounded by the vacuum region (Black).
The distance between the superconducting region is the vac-
uum region is 1.5ξ0.
and the temperature T = 0.3Tc, where Tc is the crit-
ical temperature of the superconductor. The ratio be-
tween the ferromagnetic exchange interaction and the
Dzyaloshinsky-Moriya interaction is taken from the ex-
perimental data26, |D|/J = 0.16. We consider a par-
allelepiped as our model shown in Fig. 3. The system
size is 1.0L′ξ0 × 15ξ0 × 13ξ0. ξ0 is a coherence length at
T = 0 and L′ξ0 is a helical period of the chiral helimag-
net, which is given as,
L′ =
2π
tan−1(D/J)
. (25)
Here, the uniform applied magnetic field,
Happl/(Φ0/ξ
2
0) = 0.00. For |D|/J = 0.16, L′ is
approximately 39.2699. We assume the superconducting
region is surrounded by the vacuum region. The distance
between the superconducting region and the vacuum re-
gion is 1.5ξ0, and the size of the superconducting region
is (1.0L′ − 3.0)ξ0 × 12ξ0 × 10ξ0. When we calculate the
Ginzburg-Landau equations, we set following boundary
conditions,
A · n = 0,
∣∣∣∣
(
−i~∇+ eA
c
)
ψ
∣∣∣∣ · n = 0. (26)
The external magnetic field Hext is given in Eqs. (22)-
(24). We set magnitudes of the helical magnetic field
and the applied magnetic field in Eqs. (22)-(24) as
H0/(Φ0/ξ
2
0) = 0.15 and Happl/(Φ0/ξ
2
0) = 0.00, respec-
tively. First, we take the angle at x = 0 in Eqs. (19) or
(20) as φ = −π/2. Then, the distribution of the helical
magnetic field is shown in Fig. 4. In Fig. 4, we show
FIG. 4. (a) Distributions of the magnetic field from the
chiral helimagnet, (b) x-component of the magnetic field,
(c) y-component of the magnetic field, (d) z-component of
the magnetic field. The amplitude of the helical magnetic
field is H0/(Φ0/ξ
2
0) = 0.15 and the applied magnetic field is
Happl/(Φ0/ξ
2
0) = 0.00.
distribution of the helical magnetic field (Fig. 4(a)), each
components of the magnetic field (Hext)x, (Hext)y, and
(Hext)z (Figs. 4(b)-(d)). Under the magnetic field in
Fig. 4, we obtain the distribution of the order param-
eter shown in Fig. 5. In Fig. 5, we show distributions
of the order parameter in the xy-plane (Fig. 5(a)) and
the zx-plane (Fig. 5(b)). The cross sections parallel to
the xy-plane at z = 1.5ξ0, 11.5ξ0 and the zx-plane at
y = 1.5ξ0, 13.5ξ0 are interfaces between the supercon-
ducting region and the vacuum region. In Fig. 5(a), two
vortices appear in the regions around (x/ξ0, y/ξ0) ∼
(10, 7.5) and (30, 7.5), where (Hext)y/(Φ0/ξ
2
0) ∼ 0.00
and (Hext)z/(Φ0/ξ
2
0) ∼ ±0.15 in Fig. 4. In this regions,
the magnetic field is parallel or anti-parallel to z-axis,
so these two vortices have quantum fluxes antiparallel to
each other. On the other hand, in Fig. 5(b), one vortex
appears in the region around (x/ξ0, y/ξ0) ∼ (20, 7.5),
where (Hext)y/(Φ0/ξ
2
0) ∼ 0.15 and (Hext)z/(Φ0/ξ20) ∼
0.00. In this region, the magnetic field is parallel to the
direction of y−axis, so the vortex has a quantum flux
parallel to the y−axis. In total, three vortices appear.
They are separated by 0.25ξ0. And the angle between
nearest neighbor vortices is π/2.
The vortex structure is different from our previous
work25, although the model and numerical parameters
are the same. Only difference is the initial random state
of our iteration method for solving Eqs. (11)-(15). To
determine more stable state, we should calculate the free
energies for both states. This is the future problem.
Next, we investigate vortex structures with the other
distribution of the helical magnetic field with φ = π in
Eq. (19), which is shown in Fig, 6. Under this mag-
netic field, we obtain distributions of the order parame-
ter shown in Fig. 7. In Fig. 7, we show the distributions
of the order parameter and the phases of the order pa-
rameter. In Fig. 7(a), two vortices appear in the region
5FIG. 5. Distributions of the order parameter in cross sections
parallel to (a) xy-plane and (b) zx-plane. The amplitude of
the helical magnetic field H0/(Φ0/ξ
2
0) = 0.15 and the applied
magnetic field Happl/(Φ0/ξ
2
0) = 0.00.
of the magnetic field (Hext)z/(Φ0/ξ0) > 0. Positions
of these vortices in these cross sections from z = 1.5ξ0
to 11.5ξ0 change along the x-axis. So, two vortices tilt
toward the x-axis, but the x-component magnetic field
is zero, (Hext)x/(Φ0/ξ
2
0) = 0. Vortices parallel to the y-
axis does not appear in Fig. 7(b). This result comes from
the screening current of demagnetization factor of the su-
perconductor. Next, in order to avoid difference between
shielding fields parallel to y- and z-axis, we investigate
vortex structure in the system with the larger size. The
system size is 1.0L′ξ0 × 15ξ0 × 15ξ0. In this system, the
cross section parallel to the yz-plane is square. We take
the same numerical parameters κ = 5, T = 0.3Tc, and
|D|/ξ0 = 0.16, and the same distribution of the heli-
cal magnetic field, H0/(Φ0/ξ
2
0) = 0.15, Happl/(Φ0/ξ
2
0) =
0.0, and φ = π in Eq. (20). Under these numerical param-
FIG. 6. (a) Distributions of the magnetic field from the
chiral helimagnet, (b) x-component of the magnetic field,
(c) y-component of the magnetic field, (d) z-component of
the magnetic field. The amplitude of the helical magnetic
field is H0/(Φ0/ξ
2
0) = 0.15 and the applied magnetic field is
Happl/(Φ0/ξ
2
0) = 0.00 for φ = pi in Eq. (20).
eters, we obtain vortex structures shown in Figs. 8(a) and
8(b). We show vortex structures at top and bottom sur-
face and the center cross section in the superconductor.
In Fig. 8(a), we see that two vortices around x ∼ 20ξ0 tilt
toward the x-axis around x ∼ 10ξ0 and 30ξ0, while, two
vortices around x ∼ 10ξ0 and 30ξ0, where the magnetic
field (Hext)y/(Φ0/ξ
2
0) = ±0.15, are parallel or antipar-
allel to y-axis. So, these vortices have quantum fluxes
parallel to the direction of y-axis. Compare to the previ-
ous model, sheilding the field along the y-axis costs equal
energy with shielding the field along the z-axis. Then,
vortices parallel to the direction of y-axis also appear in
this system.
Next, we examine how the chirality of the helical ro-
tation of magnetic field affects the vortex structures, i.e.
we examine difference between vortex structures under
right- and left-handed helical magnetic field. In order
to change the direction of the rotation, we take the op-
posite DM vector, |D|/J = 0.16 and D is antiparal-
lel to the x-axis. The helical magnetic field for this
DM vector is shown in Fig. 9. The rotation of the
helical magnetic field in Fig. 9 is opposite to that in
Fig. 6. We solve the Ginzburg-Landau equations us-
ing this helical magnetic field. We take the numerical
parameter, κ = 5, T = 0.3Tc, and the magnetic field,
H0/(Φ0/ξ
2
0) = 0.15 and Happl/(Φ0/ξ
2
0) = 0.0. The sys-
tem size is 1.0L′ξ0×15ξ0×15ξ0, which is the same system
size as Fig. 8. Under these conditions, we obtain vortex
structures shown in Figs. 10(a) and 10(b). Comparing
between Figs. 8(a) and 10(a), directions of vortices are
completely opposite. Then, the direction of tilt of vor-
tices depends on the chirality of the helical magnetic field.
Experimentally, these vortex structures may appear
in superconductor / chiral helimagnet hybrid structures.
For example, our model may be equivalent to the sys-
tem in which a small superconductor is surrounded by a
6FIG. 7. Distributions of the order parameter and phases of the order parameter in the cross sections parallel to (a) xy-
planes and (b) zx-planes. The amplitude of the helical magnetic field is H0/(Φ0/ξ
2
0) = 0.15 and the applied magnetic field is
Happl/(Φ0/ξ
2
0) = 0.00.
large chiral helimagnet. On the other hand, in the chiral
helimagnet / superconductor bilayer system, when the
superconductor is thin, only the perpendicular compo-
nent of the magnetic structure is effective. Then, our
previous work on the two-dimensional superconductor is
applicable to such bilayer systems23,24.
Finally, we discuss the movement of vortices under the
external current. When the external current is applied
to vortex structures in Figs. 5, 7, 8, and 10, along the
helical axis, vortices easily move perpendicular to the x-
axis. On the other hand, when the external current flows
along the direction of the y-axis, vortices move in the
surface parallel to the zx-plane. If the z-component of
vortex direction is not zero, the vortex moves toward the
x-axis. But the distribution of the helical magnetic field
varies along the helical axis (x-axis) spatially. So, the
interaction between the vortex and the magnetic field
changes. Then, motion of vortices are obstructed by this
interaction, which leads to the increase of the critical
current.
IV. SUMMARY
We have investigated vortex structures in three-
dimensional superconductor under the helical magnetic
field from the chiral helimagnet numerically. We
have obtained distributions of the order parameter us-
ing the three-dimensional Ginzburg-Landau equations.
When two vortices appear in one magnetic field region
7FIG. 8. Distributions of the order parameter and phases of the order parameter in the cross sections parallel to (a) xy-
planes and (b) zx-planes. The amplitude of the helical magnetic field H0/(Φ0/ξ
2
0) = 0.15 and the applied magnetic field
Happl/(Φ0/ξ
2
0) = 0.00.
FIG. 9. (a) Distributions of the magnetic field from the
chiral helimagnet, (b) x-component of the magnetic field,
(c) y-component of the magnetic field, (d) z-component of
the magnetic field. The amplitude of the helical magnetic
field H0/(Φ0/ξ
2
0) = 0.15 and the applied magnetic field
Happl/(Φ0/ξ
2
0) = 0.00 for φ = pi in Eq. (20). The ratio
between the Dzyaloshinsky-Moriya interaction and the fer-
romagnetic interaction is |D|/J = −0.16.
(Hext)z > 0, vortices tilt toward the x-axis, or the he-
lical axis in spite of (Hext)x = 0. This configuration
may come from the interaction between vortices and be-
tween the vortex and the boundary in the system. It is
confirmed that when the rotation of the helical magnetic
field is reversed, directions of tilt of vortices are also re-
versed. These vortex structures do not occur under the
uniform magnetic field. Detailed discussion of stability
of these vortex states need more simulations.
We only consider superconductors under the helical
magnetic field, but without the uniform magnetic field
and the external current. Under the uniform magnetic
field, the magnetic structure in the chiral helimagnet
changes into the chiral soliton lattice. In the microscopic
system, uniform magnetic field decreases the number of
solitons in the chiral soliton lattice discretely5. Then,
we expect that this discrete change of the soliton affects
the structures of vortices. If the external current flows in
this system, two vortices that tilt toward the helical axis
move uniquely because of the complicated distributions
of currents in the superconductor. Investigations and
discussions about these phenomena are future works.
Appendix A: Coefficients for the finite element
method
In this appendix, we give coefficients in Eqs. (5), (11)-
(15) for the finite element method. First, ai, bi, ci, and
di in Eqs. (5) are defined as,
ai = ǫi {xj(ykzl − ylzk) + xk(ylzj − yjzl)
+xl(yjzk − ykzj)} , (A1)
bi = ǫi {yj(zl − zk) + yk(zj − zl)
+yl(zk − zj)} , (A2)
ci = ǫi {zj(xl − xk) + zk(xj − xl)
+zl(xk − xj)} , (A3)
di = ǫi {xj(yl − yk) + xk(yj − yl)
+xl(yk − yj)} , (A4)
where xi, yi, and zi (i = 1, 2, 3, 4) are coordinates for
nodes in Fig. 5(b) and ǫi = 1 (i = 1, 3) or ǫi = −1 (i =
2, 4). (i, j, k, l) is a cyclic permutation of (1,2,3,4).
Then, we show coefficients in Eqs. (11)-(15). They are
8FIG. 10. Distributions of the order parameter and phases of the order parameter in the cross sections parallel to (a) xy-
planes and (b) zx-planes. The amplitude of the helical magnetic field H0/(Φ0/ξ
2
0) = 0.15 and the applied magnetic field
Happl/(Φ0/ξ
2
0) = 0.00.
given as,
Pij({A}) =
∑
α
Kααij +
∑
i1,i2
Ii1i2ij
∑
α
Aei1αA
e
i2α
− 1
ξ(T )2
Iij ,
(A5)
P 2Rij ({ψ}) =
1
ξ(T )2
∑
i1i2
Ii1i2ij(3Reψ
e
i1
Reψei2 + Imψ
e
i1
Imψei2),
(A6)
P 2Iij ({ψ}) =
1
ξ(T )2
∑
i1i2
Ii1i2ij(Reψ
e
i1
Reψei2 + 3Imψ
e
i1
Imψei2),
(A7)
Qij({A}) =
∑
i1
∑
α
(Jαji1i − Jαii1j)Aαi1 , (A8)
Q2ij({ψ}) =
2
ξ(T )2
∑
i1i2
Ii1i2ijReψ
e
i1
Imψei2 , (A9)
Rij({ψ}) = κ2ξ(T )2
∑
α
Kααij +
∑
i1i2
Ii1i2ijψ
e∗
i1
ψei2 , (A10)
Tαi ({ψ}) =
∑
i1i2
Jαi1i2iIm(ψ
e∗
i1
ψei2), (A11)
V Ri ({ψ}) =
2
ξ(T )2
∑
i1i2i3
Ii1i2i3iRe(ψ
e
i1
ψe∗i2 )Reψ
e
i3
, (A12)
V Ii ({ψ}) =
2
ξ(T )2
∑
i1i2i3
Ii1i2i3iRe(ψ
e
i1
ψe∗i2 )Imψ
e
i3
, (A13)
Sαβij = κ
2ξ(T )2(Kαβij −Kβαij ), (A14)
Uαi = κ
2ξ(T )2
2π
Φ0
(
Jβi Hγ − Jγi Hβ
)
. (A15)
Here, α, and β = x, y, z. In Eq. (A15), (α, β, γ) is a
cyclic permutation of (x, y, z). Their coefficients are rep-
resented by integrals Iij , Ii1i2i3 , Ii1i2i3i4 , J
xi
i , J
xi
i1i2i3
, and
K
xixj
ij . These integrals are given by,
Iij =
∫
Ve
Nei N
e
j dV, (A16)
Ii1i2i3 =
∫
Ve
Nei1N
e
i2
Nei3dV, (A17)
Ii1i2i3i4 =
∫
Ve
Nei1N
e
i2
Nei3N
e
i4
dV, (A18)
Jxii =
∫
Ve
∂Nei
∂xi
dV, (A19)
Jxii1i2i3 =
∫
Ve
∂Nei1
∂xi
Nei2N
e
i3
dV, (A20)
K
xixj
i1i2
=
∫
Ve
∂Nei1
∂xi
∂Nei2
∂xj
dV. (A21)
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